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In 1929 Hylleraas'*' introduced the coordinates s,u,t and the wave function ij,k as an an~utz to describe properties of helium. The basic reason of introducing these coordinates was their simplicity in dealing with the explicit electronic correlation u of two-electron systems. Essentially, the coordinates reduced variational calculations involving Eq. ( 1) above to the evaluation of integrals of the generic type (2) I While such calculations produced good results for atoms with 222, their success was not so great for Z= 1, the negative hydrogen ion. The poor convergence for Z= 1 induced Chandrasekhar3 to suggest using
ij,k where E should account for "missing" screening and polarization. Obviously, for e=O, $c= r+&. In addition to Iu, energy calculations with Eq. (3) imply having to deal with the family of integrals (4) Chandrasekhar showed that Eq. (3 ) indeed produces better results for H-. His function could have well been used to calculate properties of the whole helium isoelectronic series. However, while Hylleraas' wave function was applied in many investigations of properties of two-electron systems, Chandrasekhar's wave function was essentially forgotten. A reason for this could be the quite complicate nature of I,. The situation did not change with the advent of modem computers; the general approach has mainly been to use long expansions involving configurations producing simple integrals rather than looking for "better basis," i.e., basis allowing one to obtain the same numerical accuracy but using much less configurations. The price to be paid for reducing the number of configurations is an increase in the complexity of integrals. But, when is it convenient to pay the price? Would it be convenient to replace Hylleraas' by Chandrasekhar's basis in general?
The purpose of the present note is to present results of a systematic investigation of how the inclusion of the cosh&t] term in Hylleraas' ansutz influences variational energies obtained for the helium isoelectronic sequence. Another objective is to study the relative importance of terms involving the ZJ coordinate ("explicit correlations") in variational trial functions. Good u-independent ansiitze for two-electron systems are of importance in studies of noncentral potentials like, e.g., the quadratic Zeeman effect, in the same spirit that allowed the introduction of a convenient basis to describe with very high accuracy properties of hydrogen atoms in magnetic fields of arbitrary strength.4 The "noncentral" nature of the potential, i.e., its Energies (a.u.) obtained by adding the term in the first column to the expansion q(s,u,t) =cosh&t)
(1 +x,s+x,u+x,?). The terms in the first column were ordered according their effectiveness in lowering the energy for Z= 1, downwards from best to worst term. The numbers in parenthesis in the last two columns indicate the order that is obtained for Z=2 and 10. The terms are separated into three groups, according to the sum of their exponents. dependence on the angular coordinates entangles integrals needed to evaluate quantities like, e.g., energies. Such entangling would be avoided if trial functions did not explicitly depended on u. Therefore, it would be of great help to find a basis not involving directly the u-coordinate but that, in spite of this, could yield good eigenvalues. These are our main motivations. We start by considering the trial function q(S,U,t) =cosh(fCt) (1 +x~s+x~u+x~?),
which contains the lowest-order terms in s,u, and t. The notation and method is the same we used before.' By diagonalizing and minimizing the 4 X 4 matrix corresponding to Eq. (5) we obtained the energies -0.527 025 2, -2.902 589 6, and -93.904 283 8 a.u. for Z= 1,2, and 10, respectively. The problem now is to determine from the multitude of possible terms, which are the most relevant ones to be added to the expansion of Eq. (5). To this end we follow Chandrasekhar and Herzberg;6 we consider the effect of adding further terms, one at a time, in the expansion. "Good" terms are those which produce the biggest individual decrease of the energy. The several terms selected in this way are then all added to the fixed expansion and a new energy is calculated from the new function. The Z-dependent ordering of subsequent terms obtained for Z = 1, 2, and 10 is shown in Table I . By trial and error we conclude a fair compromise for all Z to be q(s,u,t) =cosh($et) (1 +x~s+x~u+x~?+x,$+x~u~ +x~2u3+x~3s2?+x,4sut2+x~5s4~.
This function contains the first 12 terms in the first column of Table I . For low Z, u terms seem to be less important than terms with s,t, and powers of st. In the precision used in Table II , it is easy to see that for Z= 1 Chandrasekhar's wave function is much more efficient in producing converged energies than the simple ansatz of Hylleraas. In view of the relative complexity of Ic when compared with In, this table also convincingly shows that Hylleraas' wave function is a more convenient basis to be used for Z)2. Although Table II presents results for the specific sequence of configurations given in Eq. (6), we also minimized the energy functional for several other orders and possible combinations of terms in Table I . Based in Table I it is reasonable to expect terms like # or su? to be more important than, for example, u3, su2, S% or u?. However, when included in the trial function, the last terms optimize the convergence in a better fashion than when skipping them. Note however the increased convergence in passing from dimension 13 to 14, i.e., when explicitly considering the s? term. This effect is also seen for Z=2 and 10. Z= 1 tends to prefer sktz terms while Z=2 and 10 prefer $+2 and u~+~. u-terms are much more important at higher Z than at Z= 1.
An interesting fact to be observed during the minimization of K and I? was the possibility of having ez < 0 for Z)2, exactly when the energy functional seems to be less sensitive to E. This changes the hyperbolic function in Eq. (3) into a simple trigonometric function. Since imaginary E are quite unexpected here, a reason for their appearence could be a numerical instability coming from handling high-dimensional matrices involving as elements several powers of the variable (I, i.e., a6,a7 ,..., a12. In any case, if indeed real, such instabilities only show up for large Z, where we already know Hylleraas basis (i.e., e=O) to be a much better choice.
In conclusion, we find Chandrasekhar's ansutz to be an extremely effective basis set to calculate the energy of H-. The significant gain can be easily seen by comparing columns En and EC in Table II . Although Chandrasekhar' s basis can also be used for 222 with no great problem, the final results are of the same quality as those obtained by using Hylleraas' basis. In view of the simpler nature of the matrices involved when using Hylleraas' basis, this set is to be preferred for 222. This makes Chandrasekhar's basis a promising candidate to be used in investigations of noncentral potentials like, for example, the quadratic Zeeman effect in H-. We hope to report about such calculation soon.
